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ABSTRACT
Aim: Provide a new multivariate hypothesis testing approach for the evolution of continuous
characters in a phylogenetic context.
Background: Brownian motion is the most commonly used model for the evolution of
quantitative traits. Under multivariate Brownian motion, the evolution of multiple continuous
traits can be described by an evolutionary rate matrix in which the diagonal elements determine
the rate of evolution for individual characters, while the off-diagonal elements determine the
extent to which different characters co-evolve.
Method: We present likelihood tests for two simple hypotheses about the evolutionary rate
matrix: (1) equality or proportionality to a hypothetical matrix; and (2) concerted change in the
rate matrix in a certain portion or portions of the phylogenetic tree. In case (1), the hypothetical
matrix might be estimated from the within-species additive genetic variance–covariance matrix.
In case (2), concerted change in the evolutionary rate matrix might result from shifts in ploidy
level or the mutation rate. We illustrate these hypothesis tests using data from individual-based
quantitative genetic simulations on stochastic phylogenetic trees.
Results: Our evolutionary rate matrix estimator exhibited minimal bias. Type I errors in our
likelihood-based tests for matrix equality and proportionality were very close to appropriate
levels. Power to detect selection was also sufficient, except in the case of the weakest selection
simulated in this study. Type I error and the accuracy of parameter estimation in the test for rate
matrix heterogeneity were also adequate.
Keywords: Brownian motion, comparative method, evolutionary constraint, genetic constraint,
phylogenetic generalized least squares, maximum likelihood, phylogenetics.

INTRODUCTION
In recent years, the phylogenetic approach has become de rigueur in comparative biology
(Felsenstein, 1985, 2004; Harvey and Pagel, 1991). This stems from the recognition that the character
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states for extant taxa related by a bifurcating history are non-independent due to common
ancestry (Felsenstein, 1985; Harvey and Pagel, 1991). Methods developed for continuous characters,
such as Felsenstein’s (1985) independent contrasts method and the phylogenetic generalized
least-squares approach (PGLS) (Grafen, 1989), take this phylogenetic non-independence into
account – enabling analysis by standard statistical methods. Both independent contrasts
and PGLS have been used primarily to address hypotheses concerning correlated evolution
between pairs of characters. However, both have subsequently been extended to a broader
set of applications, including the estimation of evolutionary rates (Garland, 1992), the
comparison of rates among related groups (O’Meara et al., 2006), the comparison of different
models for the evolutionary process (Hansen, 1997; Martins and Hansen, 1997), and the estimation of
ancestral states (Martins and Hansen, 1997; Rohlf, 2001).
Most comparative analyses focus on the evolution of a single character, or evaluate the
relationship between two characters. However, since selection and drift affect populations
of whole organisms each composed of numerous intercorrelated traits, evolution is
inherently multivariate. Nonetheless, a thoroughly multivariate phylogenetic approach to
the analysis of comparative data has not yet been proposed.
In contrast to the univariate or bivariate approaches adopted in most comparative
analyses, evolutionary quantitative genetics has long been concerned with the analysis of
multiple correlated characters (e.g. Lynch and Walsh, 1998). Theoretical quantitative genetics
makes numerous predictions about the evolution of correlated characters under genetic
drift and natural selection (e.g. Lande, 1979; Lande and Arnold, 1983; Schluter, 1996). Until quite recently,
however, most quantitative geneticists essentially dismissed phylogeny from their analyses,
with a few exceptions (Baker and Wilkinson, 2003; Bégin and Roff, 2004; Revell et al., 2007). Among
phylogeneticists, Felsenstein (1988, 2005) provides the connection between theoretical
quantitative genetics and the assumptions of several comparative methods.
Quantitative genetics and the analysis of continuous characters in a phylogenetic context
could be more closely integrated. For example, several new phylogenetic methods (e.g. McPeek,
1995; Garland and Ives, 2000; O’Meara et al., 2006; Revell, in press) are concerned with the rate of evolution
for continuous characters. Theoretical quantitative genetics has very specific predictions
about the rate of evolution of continuous characters under various models of evolutionary
change, including drift and selection. Nonetheless, few studies have attempted to unify the
quantitative genetic and phylogenetic comparative approaches to the analysis of continuous
characters (but see Felsenstein, 1988, for an early review).
In this paper, we provide a multivariate method for the analysis of evolutionary rates.
Unlike previous studies of evolutionary rate, in which the properties of the rate estimator
were evaluated using data simulated by univariate Brownian motion simulations (e.g. O’Meara
et al., 2006), we explore our multivariate approach using inherently more realistic individualbased, quantitative genetic simulations in a phylogenetic context. In so doing, we provide a
first glimpse at the power of the phylogenetic comparative method in testing quantitative
genetic hypotheses.
Modelling the evolutionary process
Statistical hypothesis testing of phenotypic data in a phylogenetic context requires that we
first specify a model of the evolutionary process under which those data were produced. The
most common such model for continuous data is Brownian motion (Edwards and Cavalli-Sforza,
1964; Felsenstein, 1973, 1981, 1985, 1988; Harvey and Pagel, 1991). Under Brownian motion, the mean
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phenotype of the population or lineage being modelled can increase or decrease in any time
interval. The amount of increase or decrease is determined by the variance of a Gaussian
distribution from which the change is drawn. This variance is equal to the product of the
length of the time interval and the Brownian motion rate parameter. The expected net
evolutionary change is zero, but the expected variance among lineages increases linearly
with time. In multivariate space, the Brownian motion process is governed by a rate matrix
in which the diagonal elements determine the rate of evolution for individual characters,
and are each equivalent to the rate parameter in the univariate case, while the off-diagonal
elements determine the extent to which the different continuous characters co-evolve
(Felsenstein, 1988).
Brownian motion is a standard evolutionary model used in a variety of phylogenetic
approaches for the evolution of continuous phenotypic traits. These include the independent
contrasts method (Felsenstein, 1985, 1988), the estimation of ancestral states (Schluter et al., 1997), and
the estimation of the evolutionary rate for a single character (Garland, 1992; O’Meara et al., 2006;
Revell, in press). Although Brownian motion is also a suitable model for some deterministic
processes such as fluctuating directional selection and a shifting position of the fitness
optimum (Hansen and Martins, 1996; O’Meara et al., 2006), it is an inappropriate model in circumstances
in which the population is under consistent stabilizing selection, consistent directional
selection, or near the bounds of natural phenotype space (Butler and King, 2004; O’Meara et al., 2006).
Brownian motion is a suitable model for genetic drift under many, but not all,
circumstances. Brownian motion is not an appropriate model for drift when the phenotypic trait is determined by one or a few genes, particularly if the mutation rate is low
relative to the population size, and if the alleles have finite possible states (Felsenstein, 1988).
It is also not suitable for drift if genes behave highly non-additively. However, Brownian
motion is a suitable drift model under the assumptions of most classical quantitative
genetic studies [e.g. that the genes underlying a particular phenotypic trait are many,
and that they have strictly or roughly additive effects on the phenotype (Lande, 1979; Felsenstein,
1988)].
The phylogenetic comparative approach
Several phylogenetic comparative methods for the analysis of data from continuous traits
have been proposed. The most popular and widely implemented of these is the phylogenetic
independent contrasts method of Felsenstein (1985). In this method the difference between
phenotypic states at nodes (known or estimated) are subtracted and standardized by the
branch length separating them. In so doing, the method provides a set of differences
(‘contrasts’) unfettered by the common history that creates statistical dependence among
observations at the tips of the tree.
Grafen (1989; see also Martins and Hansen, 1997; Rohlf, 2001) provided an alternative method based on
the standard statistical approach of generalized least-squares (GLS) – phylogenetic generalized least-squares, or PGLS. Generalized least-squares is like ordinary least-squares, except
2
that the error matrix is not necessarily assumed to be equal to σ I, where I is the identity
2
matrix (a matrix with 1.0s on the diagonal, and 0.0s elsewhere) and σ is the common error
variance. In PGLS, the error is instead assumed to be multivariate normal with a variance–
covariance matrix proportional to C, where, for n taxa, C is an n × n matrix constructed
from the phylogenetic tree and the evolutionary model. Under Brownian motion, the
expected covariance among tips is proportional to common ancestry, and as such the
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off-diagonal elements of C, Cij, are computed as the sum of the shared branch lengths
between the root and the common ancestor of taxa i and j (Felsenstein, 1973). Diagonal elements
of C, Cii , are computed as the sum of the branch lengths from the root to each tip i.
Alternative evolutionary models can be incorporated if C is calculated by different formulae
(e.g. Butler et al., 2000).
Using Brownian motion as the evolutionary model, σ2C provides the expected variances
and covariances among the values at the tips for a single trait, in which σ2 is a scalar
equivalent to the Brownian motion rate parameter of the trait. This is also the structure of
the error term in the PGLS regression model, which can be used to transform the dependent
and independent variables to a form amenable to standard statistical analyses such as
multiple regression, ANOVA, MANOVA, ANCOVA, and so on (for details, see Martins and Hansen,
1997; Butler et al., 2000; Rohlf, 2001).
Rohlf (2001, 2006) pointed out that the independent contrasts method of Felsenstein (1985), as
commonly implemented, is a special case of the PGLS method for the situation in which
Brownian motion is the assumed evolutionary model. The advantages of the PGLS
approach over phylogenetic independent contrasts are several. For example: PGLS can
explicitly incorporate different evolutionary models aside from Brownian motion (e.g. Butler
et al., 2000; see above); the intercept of regression and other statistical models can be estimated
(Rohlf, 2001); and, relevant to this study, the likelihood equations for the evolutionary rate for
a single character or rate matrix for many characters are readily derived (e.g. Felsenstein, 1973;
O’Meara et al., 2006).
In this study, we present a PGLS approach for the estimation of the evolutionary rate
matrix. We also provide likelihood tests about the rate matrix for several simple quantitative
genetic hypotheses. We use individual-based, genetically explicit numerical simulations
to explore the properties of the rate matrix and hypothesis tests under more realistic
simulation conditions than have been used previously.

METHODS AND RESULTS
Estimating the evolutionary rate matrix
The maximum-likelihood (ML) estimate for the Brownian motion rate parameter for
a single continuous trait measured in n species can be calculated as:
2
σ̂ =

(x − â1)⬘C−1(x − â1)
n

Here, σ̂ 2 is our estimate of
the true Brownian motion rate parameter, σ , x is an n × 1 column vector of the trait values
at the tips, â is the phylogenetic mean for the trait, 1 is an n × 1 column vector of 1.0s, and
C is the n × n matrix with elements proportional to co-ancestry, as described above. The
phylogenetic mean is equivalent to the ML estimate for the state at the root of the tree. Its
specific calculation is also provided below.
For a simple tree containing few taxa, C is relatively easy to calculate. For example, Fig. 1
provides a four-taxon tree for which C is as follows:
(Felsenstein, 1973; Garland and Ives, 2000; Freckleton et al., 2002; O’Meara et al., 2006).
2
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Fig. 1. A hypothetical four-taxon tree. vi, j,etc. indicates the branch length below the node containing
descendants, i, j, etc.

v(1,2) + v(1,2,3)
v(1,2,3)
0.0 
v1 + v(1,2) + v(1,2,3)
 v +v
v2 + v(1,2) + v(1,2,3)
v(1,2,3)
0.0 
(1,2)
(1,2,3)

C=
v(1,2,3)
v(1,2,3)
v3 + v(1,2,3) 0.0  .


0.0
0.0
0.0
v4 


Here and in Fig. 1, vi indicates the length of the branch below the tip i, and v(i, j , etc.) indicates
the length of branch below the internal node with descendants i, j, and so on. For the case
of an ultrametric tree, C can easily be obtained by subtracting each element of a
patristic distance matrix divided by two from the total tree length. A general algorithm
for the computation of C involves first determining the set of descendants of each
node. Then, working through the branches of the tree starting from the root, each branch
length, v, is added to Cij if both i and j are among the descendants of the node after the
branch.
Note that the scale of C is relevant in the interpretation of σ̂ 2. For example, if the branch
lengths of the tree are measured in generations, then σ̂ 2 is an estimate of the evolutionary
rate (specifically the expected rate of variance accumulation among lineages) per
generation. By contrast, if the branch lengths are merely proportional to time, σ̂ 2 will have
an expected value equal to c · σ2, where σ2 is the true Brownian motion rate parameter and
c is the proportionality constant scaling time in generations to branch length (Felsenstein, 1973).
The multivariate version of this equation is straightforward to derive. Each element of
the evolutionary rate matrix, R, can be estimated as follows:
R̂ ij =

(xi − âi1)⬘C−1(xj − âj 1)
.
n

Here, xi and âi1 are n × 1 vectors composed of the data for trait i for the species in the study
and the phylogenetic mean for trait i, respectively. When i = j, the equations for σ̂ 2 and
R̂ ij are equivalent expressions.
In matrix form, the evolutionary rate matrix, R, can be estimated as follows:
R̂ =

(X − 1â⬘)⬘C−1(X − 1â⬘)
.
n

(1)

Here, X is an n × r array of trait values for n species and r traits and â is an r × 1 vector of the
estimated phylogenetic means for each trait. 1 and C are as previously defined.
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The equation for the calculation of â (the r × 1 vector of phylogenetic means) is
â = [(1⬘C−11)−1(1⬘C−1X)]⬘ (Rohlf, 2001), in which 1, C, and X are also as previously defined.
In this case, unlike for σ̂ 2 and R̂, the same value for â is obtained regardless of the scale of
C [because [1⬘(kC)−11]−1[1⬘(kC)−1X] = k1(1⬘C−11)−1k(1⬘C−1X) for all k ≠ 0].
Like many ML estimators, this estimate of R is expected to be biased by a factor of
(n − 1)/n. However, the bias will be slight when the number of taxa is large.

Likelihood equation for the estimator
The likelihood formula for the rate matrix estimator first requires the calculation of
the expected variance–covariance matrix, V, of the states for all traits at all tips. For a
single trait and rate, V is equal to σ2C. In the multivariate case, V is a matrix of
size n · r × n · r composed of r 2, n × n submatrices each of which is equal to Rij C. This is
equivalent to the Kronecker tensor product of R and C in which every element of R is
multiplied by every element of C, i.e. V = R ⊗ C. V is the expected variance–covariance
matrix among all observations at all tips for all traits. For example, for four taxa and
two traits, V is computed as follows (dashed lines to demarcate submatrices are included
for clarity only):
-----------------------

R11C11 R11C12 R11C13 R11C14 R12C11 R12C12 R12C13 R12C14 
R C
R11C22 R11C23 R11C24 R12C21 R12C22 R12C23 R12C24 
 11 21
R11C31 R11C32 R11C33 R11C34 R12C31 R12C32 R12C33 R12C34 
R11C41 R11C42 R11C43 R11C44 R12C41 R12C42 R12C43 R12C44 
V =  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - .


 R21C11 R21C12 R21C13 R21C14 R22C11 R22C12 R22C13 R22C14 
R21C21 R21C22 R21C23 R21C24 R22C21 R22C22 R22C23 R22C24 

R C
 21 31 R21C32 R21C33 R21C34 R22C31 R22C32 R22C33 R22C34 
R21C41 R21C42 R21C43 R21C44 R22C41 R22C42 R22C43 R22C44 
As suggested by the preceding text, the value Cij is the i, jth elements from the co-ancestry
matrix, C, while Rij is the i, jth elements of the evolutionary rate matrix, R. Obviously, for
many traits and/or taxa, V will be a very large matrix.
As the values at the tips for all traits are expected to be distributed according to a
multivariate normal distribution with variance–covariance matrix, V, the likelihood
equation for the rate matrix, given a particular value of C and the data at the tips, X, is
based on the multivariate normal equation and can be expressed as follows:
L(R | X, C) =

exp[− (y − b̂)⬘V−1(y − b̂)/2]
√(2π)n · r · | V |

(2)

Here, L(R | X, C) is the likelihood of the evolutionary rate matrix, R,
given a particular value for X and C [henceforward L or L(R) will be used, for brevity].
y is a column vector of length n · r (for n taxa and r traits) composed of the trait values for
all taxa for all traits. In y, elements 1 through n are the species values for trait 1 in all taxa
(column 1 in matrix X, above); elements n + 1 through 2n are the trait values for trait 2 in
all taxa (column 2 in matrix X, above); and so on. Similarly, b̂ is a column vector of
length n · r composed of the phylogenetic means for each trait. In b̂, as for y, above,
(Felsenstein, 1973, 1981).
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elements 1 through n are the phylogenetic mean for trait 1 [i.e. (1⬘C−11)−1(1⬘C−1x1 )]; elements n + 1 through 2n are the phylogenetic mean for trait 2; and so on. b̂ can be obtained
from the vector of phylogenetic means, â, using the transformation b̂ = Dâ, in which D is
an n · r × r design matrix in which each entry Dij is 1.0 if ( j − 1) · n < i ≤ j · n and 0.0
otherwise (Freckleton et al., 2002). For example, in our four-taxon, two-trait example, D would
be constructed as:
1.0 0.0
1.0 0.0


1.0 0.0
D = 1.0 0.0 .
0.0 1.0


0.0 1.0
0.0 1.0


0.0 1.0
A similar likelihood equation is used for the additive genetic variance–covariance matrix
under the animal model in quantitative genetics (e.g. Shaw, 1991, equation 1). In that case, the
co-ancestry matrix is based on the pedigree of the organisms in the study.
A more convenient expression for the likelihood, L, is obtained by computing the natural
logarithms of the left- and right-hand sides of equation (2), in which case:
log(L) = − (y − b̂)⬘V−1(y − b̂)/2 − log | V | /2 − n · r · log(2π)/2.

(3)

In the univariate case, equation (2) (and the exponential of equation 3) reduce to the
equation for the likelihood of the evolutionary rate parameter estimate, σ̂ 2, provided in
O’Meara et al. (2006).
Testing hypotheses about the evolutionary rate matrix
Many hypotheses concerning multivariate trait evolution can be tested in a maximumlikelihood context. Here we focus on three very simple models, present them in some
detail, discuss their quantitative genetic implications, and perform a limited set of
individual-based, quantitative genetic numerical simulations to explore the power, bias, and
in particular the error rates of our proposed tests.
Rate matrix equality to a hypothesized matrix
The simplest hypothesis that can be tested by this approach is a test of the hypothesis that
the evolutionary rate matrix R is equal to some specified value, against the alternative
hypothesis that R is equal to an arbitrary positive definite matrix (for example, its ML
estimate for which the calculations are provided above). We will call the specific value of
our null hypothesis R0: possible values for this matrix will be discussed in a later section.
Suppose that some reasonable prior hypothesis for R0 has been proposed and we are
interested in testing whether the ML estimator of R, R̂, yields a significantly higher likelihood of our observed data than does the hypothesized rate matrix R0. One first calculates
two likelihoods, one based on R̂ and the other on R0. These likelihoods can then be
compared using a likelihood ratio test.
In particular, this calculation is performed by first calculating the Kronecker products
V̂ = R̂ ⊗ C and V0 = R0 ⊗ C, as described above. The following function for the
log-likelihood ratio is then evaluated:
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log[L(R̂)/L(R0 )] = − (y − b̂)⬘V̂−1(y − b̂)/2 − log | V̂ | /2
−1

(4)

+ (y − b̂)⬘V0 (y − b̂)/2 + log | V0 | /2 .
Here, V̂ and V0 are expected variance–covariance matrices for the values for all traits at
all tips given either the ML estimate of the evolutionary rate matrix (here, R̂) or the
hypothesized evolutionary rate matrix, R0, respectively.
A couple of things are notable in equation (4). First, the choice of evolutionary rate
matrix affects only the calculation of V, not that of b̂. Second, the term n · r · log(2π)/2,
found in the expression for the log-likelihood (equation 3), cancels in the calculation of the
log-likelihood ratio.
2 · log[L(R̂)/L(R0 )] is expected to be approximately χ 2-distributed with degrees of freedom
r · (r − 1)/2 + r for r traits. This is because r · (r − 1)/2 + r more parameters (the unique
elements of R̂) are estimated in the alternative than in the fully specified null model.
Rate matrix proportionality to a hypothesized matrix
More commonly, for reasons discussed in a subsequent section, we have a matrix with which
we hypothesize our evolutionary rate matrix is proportional. Under these circumstances, we
must determine the value of the proportionality constant, k, that maximizes the likelihood
of our data given the rate matrix R0. To do so, we need to evaluate the following expression
for the log-likelihood:
log[L(kR0 )] = − (y − b̂)⬘(kV0 )−1(y − b̂)/2 − log | kV0 | /2 − n · r · log(2π)/2
for possible values of k to find the value of k that maximizes the likelihood of our
observed data. The following equivalent expression prevents us from having to evaluate
the inverse of kV0 and | kV0 | whenever we want to evaluate the likelihood for a new value
of k:
−1

log[L(kR0 )] = − k−1(y − b̂)⬘V0 (y − b̂)/2 − log | V0 | /2
− n · r · log(k) − n · r · log(2π)/2.

(5)

Once the value of k that maximizes equation (5) has been found, we can calculate the
likelihood ratio 2 · log[L(R̂)/L(kR0 )] as in equation (4), above. Its value can be compared to a
χ 2-distribution with degrees of freedom r · (r − 1)/2 + r − 1 (one fewer than in the previous
model because one extra parameter, the value of k, is estimated in the denominator
hypothesis).
Multiple rate matrices
Finally, we can test the hypothesis of a concerted change in all the elements of R on specific
branches of the phylogeny or in all the lineages in a given clade or clades. This test differs
from that of prior models because it must involve recalculating the co-ancestry matrix, C.
C is recomputed by rescaling some branches of the phylogeny by a constant, h, to be
estimated using likelihood. Returning to our previous example, consider again the tree in
Fig. 1 but imagine that the branches leading to taxa 1 and 2 (highlighted in bold) have been
rescaled by a constant, h. This is similar to the test for unequal rates of O’Meara et al. (2006),
but in that case the implementation was for a single evolving character.
C can be recalculated for a given value of h (or for a variety of different values for h, but
this is beyond the scope of the present study) as follows:
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h · v1 + v(1,2) + v(1,2,3)
v(1,2) + v(1,2,3)
v(1,2,3)
0.0


h · v2 + v(1,2) + v(1,2,3) v(1,2,3)
0.0
 v(1,2) + v(1,2,3)
Ch = 
v(1,2,3)
v(1,2,3)
v3 + v(1,2,3) 0.0 .


0.0
0.0
0.0
v4 


We call this matrix Ch to indicate that it refers to the case in which the evolutionary
rate matrix is heterogeneous over time. Obviously, more complicated concerted rate
heterogeneity than that portrayed in Fig. 1 and Ch above, perhaps affecting multiple clades
or non-terminal branches, can also easily be modelled in this framework.
The likelihood equation for the rate matrix and scaling factor given the data and
phylogeny is as follows:
−1

log[L(Rh )] = − (y − b̂h )⬘Vh (y − b̂h )/2 − log | Vh | /2 − n · r · log(2π)/2 .

(6)

Here, Vh = Rh ⊗ Ch is the variance–covariance matrix for the values of all traits at all
tips, based on the evolutionary rate matrix Rh estimated using equation (1). b̂h is a vector
of the phylogenetic means, but is here calculated using Ch instead of C. b̂h will usually
be different than b̂. Unlike the situation for matrix proportionality, in this case there is
no obvious way to avoid calculating the inverse of Vh and | Vh | for each value of h. One
can slightly improve computation of V by separately calculating C matrices for the two
rates by summing branch lengths separately into each matrix depending on their
hypothesized rate category. For each value of h for which we want to obtain the likelihood,
Ch is then calculated as Ch = C0 + h · C*, in which C0 is the co-ancestry matrix computed
for the unscaled branches, and C* is the co-ancestry matrix computed for the branches
to be scaled by the unknown constant, h (e.g. Thomas et al., 2006; Revell, in press).
To determine the scaling constant, a value of h is found that maximizes equation (6). The
statistic 2 · log[L(Rh )/L(R̂)] can then be computed. Here, R̂ is the ML estimator of R given C,
with elements strictly proportional to branch lengths, and the data from the tips, while Rh is
the ML estimator of R given Ch, a matrix computed from a phylogenetic tree in which some
branches have been rescaled by the factor h. The log-likelihood ratio statistic is expected to
be distributed as a χ 2 with 1 degree of freedom, because only one further parameter, h, is
estimated in the more complex model.
Error in the estimation of species means
In most studies, species means for traits are estimated with error. If an estimate of this
error is available, it can be incorporated into tests about the evolutionary rate matrix.
In particular, for the situation in which there is known (or estimated) error associated
with species means for traits, equation (3) for the likelihood of the evolutionary rate matrix
still applies. However, V, the n · r × n · r expected variance–covariance matrix for the species
means for all traits at all tips of the tree, is now computed as V = R ⊗ C + E. R and C are as
defined above. E is an n · r × n · r matrix containing error variances and covariances, to be
described below. Given a particular value for E, and the phylogenetic covariance matrix C,
the likelihood of any given value for the evolutionary rate matrix, R, can be easily evaluated.
The error matrix, E, is an n · r × n · r matrix. It is composed of r 2 (usually diagonal)
submatrices, each n × n in size. For four taxa and two characters, as above, it will usually be
of the form:
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 σ2e,sp = 1(1)
0.0
0.0
0.0
σe,sp = 1(1,2)
0.0
0.0
0.0


2
σe,sp = 2(1)
0.0
0.0
0.0
σe,sp = 2(1,2)
0.0
0.0

 0.0

 0.0
0.0
σ2e,sp = 3(1)
0.0
0.0
0.0
σe,sp = 3(1,2)
0.0


0.0
0.0
σ2e,sp = 4(1)
0.0
0.0
0.0
σe,sp = 4(1,2)
 0.0
E =  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 
σ
(2,1)
0.0
0.0
0.0
σ2e,sp = 1(2)
0.0
0.0
0.0 
 e,sp = 1
0.0
σe,sp = 2(2,1)
0.0
0.0
0.0
σ2e,sp = 2(2)
0.0
0.0 


2

0.0
0.0
σe,sp = 3(2,1)
0.0
0.0
0.0
σe,sp = 3(2)
0.0 


0.0
0.0
0.0
σe,sp = 4(2,1)
0.0
0.0
0.0
σ2e,sp = 4(2)

in which σ2e,sp = i( j) is the error variance for species i and character j, and σe,sp = i( j,k) is
the error covariance for species i between characters j and k. The off-diagonals of each
submatrix can generally be assumed to be zero so long as error is not correlated among
species. Submatrix off-diagonals might be non-zero if, for example, a subset of species were
measured by one investigator and the remainder by a second (Ives et al., 2007).
The likelihood of our null hypothesis for the evolutionary rate matrix, R0, will be very
straightforward to calculate using equation (3). However, the ML estimate for the multivariate R will generally be difficult to obtain. Ives et al. (2007) discuss this problem in
considerably greater detail and provide methods for optimization in an appendix. O’Meara
et al. (2006) also discuss the univariate case, in which numerical methods for optimization are
more straightforward. Suffice it say that for large r, the ML estimate for R will need to be
found using numerical methods beyond the scope of this paper. Harmon and Losos (2005)
discuss conditions under which estimation error can be ignored in comparative analyses –
these might also apply to our hypothesis tests, although this should be the subject of further
investigation.
Quantitative genetic implications
The approaches outlined above relate closely to key concepts in evolutionary quantitative
genetics. The most obvious of these is that, under drift, the evolutionary rate matrix is
expected to be proportional to the additive genetic variance–covariance matrix, or G matrix
(Lande, 1979; Felsenstein, 1988). Specifically, if the branches of the tree are in units of organismal
generations, under drift the evolutionary rate matrix has an expected value of G/Ne
(Lande, 1979).
Supposing that G and Ne are precisely known, as well as known to be constant over time,
then a significant likelihood ratio (2 · log[L(R̂)/L(G/Ne )]) indicates significantly nongenetic-drift-like evolution (e.g. selection); whereas a non-significant log-likelihood ratio
indicates that a hypothesis of evolution by genetic drift cannot be rejected.
If G and Ne are estimated rather than known precisely, a significant test statistic could
suggest either selection or that our estimates of G or Ne are imprecise in some way (perhaps
because G fluctuates over time, or is estimated with error).
A more common situation for quantitative geneticists is that in which an estimate of G is
available, but the scaling constant (t/Ne ) is unknown. This corresponds to a variety of
situations, including: (a) the phylogeny is obtained by molecular phylogenetic methods, but
no relationship between sequence divergence and generation time is known; (b) the branch
lengths are available in appropriate units, but the effective population size (Ne ) is unknown;
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or (c), most commonly, neither the branch lengths in units of generations nor the effective
size are known for the taxa in the study.
Under any of these circumstances, the hypothesis that R is equal to G/Ne becomes
impossible to test, and the hypothesis of proportionality, R = k · G, must be substituted. If
neither the branch lengths in units of generations nor the effective size are known, then the
scaling constant has an expected value equivalent to the ratio of branch length by number
of generations, divided by the effective population size, Ne. Unfortunately, without precisely
knowing the ratio of generations per unit branch length, it is impossible to estimate Ne from
the scaling constant (and vice versa).
Considerable empirical evidence exists suggesting that the G matrix may not be stable
over all time scales (Roff, 1997). Although a variety of manners of change in G are conceivable,
we restrict our attention to the specific case in which G differs by a constant factor along a
particular branch or set of branches in the phylogeny. Under drift, concerted change (be it
an increase or a decrease) in the elements of G, all else being equal, should be reflected by a
concordant change in the rate matrix, R.
In this case, before considering the quantitative genetic implications of a concerted
change in the evolutionary rate matrix, R, we should first address some manner of changes
in G that are unlikely to induce concordant change in R. One obvious circumstance in which
the elements of G are expected to change by a common factor at the same time is when the
effective population size changes. Since the expected value of G under genetic drift is
Ĝ = 2NeM̂ (Lynch and Hill, 1986; Felsenstein, 1988; Falconer and Mackay, 1996), any change in Ne is expected
to result in a proportional change in G.
However, also under drift, the evolutionary rate matrix, R, has an expected value of G/Ne
and so any change to G due to a change in the effective size is predicted to be balanced
exactly by a change in the strength of drift, which is proportional to 1/Ne. Not yet stated is
the obvious observation that if Ĝ = 2NeM̂ and R = G/Ne, then, by extension, R = 2 · M̂.
Thus, the evolutionary rate matrix under genetic drift has an expected value equivalent to
two times the mutation matrix, M (Felsenstein, 1988).
The consequence of this observation is that under pure genetic drift, changes to
the evolutionary rate matrix should result only from changes in the mutation matrix, M.
Various factors can influence the mutation matrix, in which Mij = 2mµ √α2i α2j Pij. Here, Mij
is the i, jth element of M; m is the number of genetic loci; µ is the allelic mutation rate; α2i is
the variance of effects of pleiotropic mutations on the ith phenotypic trait; and, finally, Pij
is the i, jth element of the correlation matrix of pleiotropic mutations P. m might be
increased by genome or gene duplication, and decreased by gene loss; µ might be increased
or decreased by environmental factors, such as higher solar radiation in tropical climes
(Rohde, 1978, 1992). Variances of the effects of pleiotropic mutations and P are not well known
empirically (but see Camara et al., 2000). Two recent studies (Jones et al., 2007; Revell, 2007a) model the
evolution of G when P changes over time.
Simulation analysis of likelihood tests
Keeping in mind the quantitative genetic implications of our hypothesis tests above, we used
individual-based numerical simulations to explore the performance of likelihood tests
about the evolutionary rate matrix, R. We used data generated by genetically explicit,
individual-based, quantitative genetic simulations. More information on the specific details
of the simulations can be found in Revell (2007b).
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To test the type I error rate of the likelihood test of the hypothesis that the ML rate
matrix R̂ is significantly more likely than some a priori specified rate matrix, R0, we used
1000 pairs of phylogenetic trees and simulated data sets generated following the approach
of Revell (2007b).
We simulated all phylogenetic trees using pure-birth continuous time phylogenetic
simulations. We simulated the trees to each have n = 100 taxa. We then rescaled all trees to
have a total length of 104 generations, and rounded all branch lengths to have integer values
(now corresponding to number of generations).
We simulated the data for four traits determined by m = 20 unlinked pleiotropic loci. We
set the mutation rate to µ = 0.0025 at all loci, and a mutation produced a new allele with new
effects on all four traits. We drew mutational effects from a multivariate normal distribution
with means [0, 0, 0, 0], variances 2 = [0.05, 0.1, 0.15, 0.20], and correlational mutation
matrix:
 1.0 0.75 0.50
0 
 0.75 1.0 0.75 0.50
,
P = 
 0.50 0.75 1.0 0.75


0.50 0.75 1.0 
 0
which corresponds to a continuum of alleles mutation model (Crow and Kimura, 1964), with
correlated effects of pleiotropic mutation. This results in an expected mutational
variance–covariance matrix, M̂, with elements Mij = 2mµ√α2i α2j Pij (Falconer and Mackay, 1996)
and an additive genetic variance–covariance matrix, G, with an expected value equal to
Ĝ = 2NeM̂. Ne was set to 100 for all simulations. More details are provided in Revell
(2007b). The quantitative genetic component of these simulations is highly similar to those
performed by Jones et al. (2003, 2004, 2007) and Revell (2007a, 2007b).
We first determined the bias in R by comparing the mean value of R to the predicted
generating matrix (Ĝ/Ne ). We found that, as expected, R was slightly downwardly biased,
but that correction by the factor n/(n − 1) rendered R unbiased.
To determine the type I error rate of the test under the null hypothesis (drift), we first
evaluated equation (4) for all 1000 trees and data sets, setting R0 = Ĝ/Ne, where the
numerator of the latter was calculated from the predicted mutational variance–covariance
matrix, M̂, as above. We compared the likelihood ratio (2 · log[L(R̂)/L(R0 )]) to a
χ 2-distribution with 10 degrees of freedom.
Figure 2A shows the distribution of the test-statistic compared to a χ 2-distribution
with 10 degrees of freedom. The type I error rate was 0.065. Although this error rate is very
close to 0.05, it is marginally significantly elevated [binomial P(true α ≤ 0.05) = 0.03].
¯ / Ne, where
We also evaluated equation (4) for all trees and data, but in this case set R0 = Ḡ
¯Ḡ is the mean value of the G matrix across all tips. Figure 2B shows the distribution of
the test-statistic compared to a χ 2 with 10 degrees of freedom. Although quite near 0.05,
the type I error rate of the test was highly significantly elevated and larger than when the
theoretical value of G was used [error rate 0.075; P(true α ≤ 0.05) < 0.001], and the deviation
in the distribution of the log-likelihood ratio statistic from χ 2 is evident (Fig. 2B).
We also conducted simulations in which the assumption of pure drift was violated to
varying degrees. We conducted these simulations as above, but in this case added stabilizing
selection in which the position of the optimum shifted by Brownian motion over time. We
used the following multivariate Gaussian fitness function to assign individual fitness:
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Fig. 2. Relative frequency distributions of two times the log-likelihood ratio for two hypothesis tests
about the evolutionary rate matrix for continuous characters. In (A), the numerator of the loglikelihood ratios contains the likelihood of the maximum likelihood estimate of the evolutionary rate
matrix, R̂, given the co-ancestry matrix, C, calculated from the phylogeny, and the values for phenotypic traits at the tips, X. The denominator of the likelihood ratios contains the likelihood of a
hypothesized evolutionary rate matrix equal to the ratio of the predicted value of the additive genetic
variance–covariance matrix, Ĝ, and the effective population size, Ne, given the data, X, and C. In (B),
the numerator of the log-likelihood ratio is the same as in (A), but the denominator contains the
likelihood of an evolutionary rate matrix calculated as the ratio of the mean G matrix calculated from
¯ , and Ne, given X and C. In (A) and (B), the solid line indicates the expected distribution
the tips, Ḡ
of 2 · log(likelihood ratio) based on the χ 2 with degrees of freedom = 10. Results are based on 1000
individual-based, phylogenetic numerical simulations.

w = exp[− 1–2(z − )⬘−1(z − )] .
Here, z is an r × 1 column vector of individual trait values,  is an r × 1 vector of
the phenotypic optimum, and  is an r × r matrix that describes the shape (width and
orientation) of the multivariate fitness surface.
In our simulations, the elements of the vector of the phenotypic optimum, , were
allowed to change over time in each lineage according to independent Brownian motion
2
processes with rate σ = 0.01 in each dimension.  was a matrix with diagonal elements, ωii
2
3
set to 50, 10 , 10 , 104, and 105, and off-diagonal elements set to 0.0. These correspond to
progressively weaker strengths of uncorrelated multivariate stabilizing selection around the
optimum determined by . The univariate Gaussian fitness function corresponding to each
value on the diagonal of the multivariate selection matrix, , ωii , is shown in Fig. 3
compared to the expected within-lineage phenotypic distribution for trait 1 under drift. It is
clear that selection is very weak for large ωii. For each value of  we conducted 100
simulations.
Since selection renders the prediction of G impossible to obtain precisely, we evaluated
¯ /Ne, with Ḡ
¯ calculated from the values for G at the
equation (3) for all data setting R0 to Ḡ
tips. Figure 4 shows the proportion of likelihood ratio tests that were significant when
compared to a χ 2 with 10 degrees of freedom for each value of the diagonal elements of .
Under all circumstances but the weakest strength of fluctuating stabilizing selection (left
side of abscissa), the null hypothesis of genetic drift was almost invariably rejected by the
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Fig. 3. Univariate representations of five multivariate Gaussian selection surfaces used in the selection simulations. The shape of multivariate stabilizing selection can be described by a matrix, .
Shown is the multivariate surface along any axis for various values of the diagonal elements of .
For comparison, the expected within-lineage phenotypic distribution for trait 1 is also shown as the
shaded Gaussian curve.

Fig. 4. The proportion of significant log-likelihood ratio (LR) tests from 100 simulations of each of
several stabilizing selection simulations in which the position of the optimum moved by Brownian
motion. A significant log-likelihood ratio indicates significantly non-drift-like evolution. Note that the
strength of selection increases with decreasing stabilizing selection parameter, ωii (from left to right).
The type I error rate under neutral drift (0.075 from simulation, in this case) is indicated by the
horizontal dashed line.

likelihood ratio test (Fig. 4), indicating that the test is sensitive to detect even very weak
stabilizing selection to a shifting optimum.
Thus, the ML estimate of the rate matrix is minimally biased for large numbers of taxa, n.
This bias can be removed by scaling the rate matrix by n/(n − 1). The likelihood ratio test for
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Fig. 5. (A) Example log-likelihood surface for the proportionality constant, k, in the test for matrix
proportionality between the evolutionary rate matrix and the predicted value of the additive genetic
variance covariance matrix, Ĝ. (B) Relative frequency distribution of the maximum likelihood
estimate (MLE) for k from 1000 individual-based, phylogenetic numerical simulations. The expected
value of k is 1/ Ne = 0.01, and is indicated by the vertical dashed lines in both (A) and (B).

matrix equality between the ML estimates of R, R̂, and R0 = G/Ne exhibited nearly
appropriate type I error when the theoretical value of G (Ĝ = 2NeM, for mutation matrix
M) was used (Fig. 2A). However, the error rate of the test was highly significantly elevated
¯ ) is substituted (Fig. 2B). This suggests that the
if the mean value of G for the tips (Ḡ
theoretical value for G/Ne provides a better estimate of the long-term average value of the
¯ /Ne, in which Ḡ
¯ is estimated from the mean values at
evolutionary rate matrix than does Ḡ
the tips. When stabilizing selection towards drifting phenotypic optima was simulated, the
likelihood ratio test was almost invariably significant (indicating non-drift-like evolution)
except for under the weakest conditions of stabilizing selection (Figs. 3, 4).
In addition to the tests of matrix equality, we also considered the more realistic situation
in which an estimate of G (either theoretical or empirical) is available, but the factor scaling
G to R is not known. This could be because the relationship between branch length and time
is not known, because the effective population size is not known, or (most often) because
neither is known.
Using the same data as for the previous analysis, above, and setting R0 = kĜ, we evaluated
equation (5) for a range of values for k. Since the expected value of k is known in this case
(and is equal to 1/Ne ), to find the ML estimate of the parameter k, we just tested various k,
incremented and decremented by very small intervals, around the expected value.
Figure 5A shows an example log-likelihood surface for the scaling parameter, k. The
mean value of k estimated by this procedure was slightly downwardly biased (k̄ = 0.0099;
Fig. 5B). This is probably due to the fact that the ML estimate of R is also slightly biased.
Rescaling k by n/(n − 1) rendered it unbiased.
Type I error of the likelihood ratio test was close to, but significantly higher than, 0.05,
and comparable to that found for matrix equality [type I error rate: 0.065; P(true type I error
≤ 0.05) = 0.021].
In addition to comparing the evolutionary rate matrix to hypothetical matrices, we
also considered the circumstance in which the evolutionary rate matrix is heterogeneous
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throughout the tree. In particular, we considered the condition in which the rate
matrix changes by a constant proportion along certain known branches in the
phylogeny.
As previously alluded, a variety of factors might induce concerted change in all the
elements of the evolutionary rate matrix. In particular, shifts in ploidy number and changes
in the mutation rate are expected to induce proportionate changes in the G matrix and
consequently in the evolutionary rate matrix. Since under an additive model a change in
ploidy number will generally induce an instantaneous change in the phenotypic mean (by a
factor of two), as well as in the rate of evolution, we restrict our simulations to conditions in
which the mutation rate changes along certain branches of the phylogeny – because a
change in the mutation rate should affect only the rate of character evolution by drift and
not the population mean.
To evaluate the performance of our likelihood test for matrix heterogeneity, we used two
types of simulated data. The first was 100 trees and data sets from the constant rate
simulations used in the tests above. These data were used to evaluate parameter estimation
(since the rate is homogeneous, the rate proportionality constant is expected to be 1.0), and
to estimate the type I error of the test. The second set of simulated data was obtained using
100 individual-based phylogenetic quantitative genetic simulations in which the mutation
rate was doubled along certain known branches in the phylogeny. Mutation rate increases
were placed randomly in the tree at nodes with equivalent probability of 0.1, except for
nodes in which a mutation rate change had preceded the node (in which case the probability
of a rate change was 0.0) and for the root node (in which case the probability of a change in
the mutation rate was also 0.0). To provide reasonable power for the rate heterogeneity test,
only trees with a number of tips showing increased rate numbering between 30 and 70 were
accepted. Otherwise, we performed these simulations using a procedure identical to that
described above.
When the data were from previous, homogeneous rate simulations, the mean ML scaling
factor for the rate matrix along randomly selected branches was unbiased (h̄ = 1.03). The
type I error rate of the test (from 100 simulations) was not different from 0.05 [type I error
rate: 0.05; P(true type I error ≤ 0.05) = 0.56].
In the heterogeneous rate simulations, the ML estimate of the branch length scaling
factor, h, was also essentially unbiased (h̄ = 2.02). Figure 6A shows an example loglikelihood surface for the scaling factor, h, and Fig. 6B shows the distribution of the ML
estimates of h from 100 simulations.
Thus, in the test for matrix proportionality, the proportionality constant was slightly
downwardly biased by a factor of (n − 1)/n (Fig. 5). The type I error of the test was low, but
slightly significantly greater than 0.05. In the test for matrix heterogeneity, the scaling
factors were unbiased – whether the data were generated under homogeneous or
heterogeneous rate simulations (Fig. 6). The type I error of the test was appropriate in the
homogeneous rate case.
DISCUSSION
We have proposed a new multivariate method for the comparative analysis of continuous
trait data. The method is based on the phylogenetic generalized least-squares approach
(Grafen, 1989; Martins and Hansen, 1997; Rohlf, 2001) and extends the univariate method for the analysis
of evolutionary rate developed by O’Meara et al. (2006). We have illustrated this method
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Fig. 6. (A) Example log-likelihood surface for the scaling factor, h, in the test for matrix heterogeneity.
(B) Relative frequency distribution of the maximum likelihood estimate (MLE) for h from 100
individual-based, phylogenetic numerical simulations. Evolutionary rate matrix heterogeneity is due
to a doubling in the mutation rate along certain branches in the phylogeny, and thus h has an expected
value of 2.0, as shown by the vertical dashed lines in both (A) and (B).

using simulated data generated by individual-based, multivariate, quantitative genetic simulations on phylogenetic trees.
Properties of the rate matrix estimator
The evolutionary rate matrix provides, on its diagonal, the rate of evolution for each trait,
and on its off-diagonal, the rates of co-evolution among characters. In this particular
study we focus on the rate matrix as a quantitative genetic epiphenomenon of the
within-species additive genetic variance–covariance matrix, G. However, this need not be
the only source of the among-species rate matrix. If, for example, the position of the
multivariate fitness optimum moves by Brownian motion, then the evolutionary rate matrix
is appropriate to describe the movement of the optimum (O’Meara et al., 2006). Nonetheless,
the quantitative genetic predictions for the evolutionary rate matrix are simplest when
evolution is by genetic drift, in which case the rate matrix has an expected value equivalent
to the ratio of the additive genetic variance–covariance matrix and the effective population
size.
The maximum likelihood (ML) estimate of the Brownian motion rate matrix is given by
equation (1) in the text. We find that, like other maximum likelihood estimators, the
evolutionary rate matrix of continuous characters is slightly downwardly biased – by a
factor of (n − 1)/n. This is the same bias as is found in the ML estimator of the variance and
in O’Meara and colleagues’ (2006) univariate rate estimator. Bias in the ML estimator for the
variance comes from the fact that individual observations in a sample are expected to be
closer to the sample mean than to the unknown population mean. The same is true of
the Brownian motion rate matrix, although in this case the observations at tips are closer to
the estimated phylogenetic mean for each trait than they are to the typically unknown true
set of states for characters at the root node.
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Likelihood tests about the rate matrix
We proposed two tests about the evolutionary rate matrix: a test for matrix equality and
proportionality, and a test for matrix heterogeneity in different parts of the tree. In the
former, the ML estimate of the evolutionary rate matrix is compared either to a hypothesized generating matrix or to a matrix hypothesized to be proportional to the generating
matrix. In the latter, evolutionary rate matrices are estimated separately for different parts
of the tree with the constraint that the second matrix must be a scalar multiple of the first.
Unlike previous similar studies, we chose to use individual-based quantitative genetic
simulations to explore the properties of the estimator and those of our likelihood tests of
the estimator. Previous studies, such as that of O’Meara et al. (2006), have relied on Brownian
motion simulations. We chose to use individual-based genetic simulations because of the
clear quantitative genetic implications of the rate matrix and tests (Felsenstein, 1988). This
approach is also inherently more realistic, because real populations are composed of individuals with variable genotypes and phenotypes – not simply a wandering lineage mean.
Nonetheless, increased reality of the simulations does not guarantee improved generality of
the results. To some extent, results are more susceptible to be affected by the conditions of
the simulation as they become more complicated. Furthermore, limits on computation
require that some parameters of the simulation conditions be set with unrealistic values
[although changing two or more parameters simultaneously can sometimes have a compensatory effect (e.g. Jones et al., 2003; Revell, 2007a)].
Nonetheless, we conclude that the likelihood tests proposed in this study exhibited
several desirable properties. First, when a theoretical value for the generating evolutionary
rate matrix was available, tests of the null hypothesis that the rate matrix was equivalent
to its theorized value exhibited nearly appropriate type I error (Fig. 2). Second, tests for
matrix proportionality to a theorized generating matrix yielded appropriate values of the
proportionality constant (Fig. 5) as well as appropriate type I error. Third, tests
conducted on data simulated under selection conditions showed considerable power to
detect non-drift evolution, except under the weakest level of fluctuating stabilizing selection
(Figs. 3, 4). Finally, tests conducted to detect changes in the evolutionary rate matrix by a
common factor both exhibited appropriate type I error under the null hypothesis
of matrix constancy, and accurate parameter estimates under the alternative hypothesis
(Fig. 6).
Type I error was marginally significantly elevated when a theoretical value of G was used.
This is probably reflective in part of stochasticity in G around its expected value under
genetic drift. To assess this possibility, we performed simple multivariate Brownian motion
simulations with a constant generating matrix. We found that under these circumstances,
type I error was elevated but not significantly so [type I error rate: 0.054; P(true type I error
≤ 0.05) = 0.30].
Type I error was also slightly, but highly significantly, elevated when a theoretical value of
G was not available for the null hypothesis, but in which the mean value of the G matrix
from the tips of the phylogeny was substituted. This should provide a cautionary note to
empiricists, to whom theoretical values of the generating evolutionary rate matrix are
seldom available. In fact, since the empiricist will usually possess only estimates of G from a
subset of the tips in the phylogeny, empirical studies using this approach will likely suffer
from a considerably elevated probability of type I error – particularly if the G matrix is
variable within the group of interest.
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Finally, we also note that one could use model selection criteria [such as the Akaike
information criterion (AIC)], in lieu of likelihood-ratio tests, to select among the models
presented herein.
Future directions
Several future directions are suggested by this study. First, our approach assumes a Brownian motion model of evolution. Brownian motion is a suitable model for evolution by drift
as well as for particular conditions of natural selection (O’Meara et al., 2006). Nonetheless,
Brownian motion has been criticized as representing an overly simplistic, frequently
inappropriate model for the evolutionary process (Butler et al., 2000; Butler and King, 2004; Estes and
Arnold, 2007). Fortunately, Brownian motion is not a constraint of this method. Since the
co-ancestry matrix, C, can be calculated from the phylogeny under a variety of evolutionary
processes (Butler and King, 2004), so can comparative methods be extended to a multivariate
context for non-Brownian motion models of evolution, at least in theory.
Second, our approach assumes that the species mean trait values, phylogeny, and
phylogenetic branch lengths are known without error. This is true for numerical simulations,
in which the generating phylogeny and data are known precisely, but it will not usually be
true for empirical studies. We discuss error in species mean trait values in a prior section.
Phylogenetic topology and branch length misestimation will probably affect the error rate
of the tests. In fact, if the data and phylogenetic trees were assorted randomly, likelihood
ratio tests would invariably suggest significantly non-drift-like evolution. To incorporate
phylogenetic error, empiricists might consider conducting the likelihood tests for their data
using a sample of trees from the posterior distribution in a Bayesian analysis (Revell et al., 2007).
Biased branch length estimation (e.g. Revell et al., 2005) will also tend to affect the test for matrix
heterogeneity. In particular, under circumstances in which early branches in the phylogeny
are underestimated, rate heterogeneity calculations will tend to suggest that the rate of
phenotypic evolution has decreased over time (Revell et al., 2005).
Finally, the evolutionary rate matrix can change in more ways than simply by a scalar
multiple. Not explored in this study are circumstances in which the evolutionary rate
matrix retains all its eigenvectors, but changes its eigenvalues; changes some but not all
eigenvectors; or changes entirely, retaining no common eigenstructure (Phillips and Arnold, 1999).
There is no simple quantitative genetic model under which these changes to the evolutionary rate matrix are expected, although the empirical literature suggests that such changes do
occur (Steppan et al., 2002).
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